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Abstract
We prove a generalization to F-fibrations of Gottlieb’s theorem about the total space of universal
fibrations.  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
In the theory of fibrations a prominent role is played by results on universal fibrations.
One such result is Gottlieb’s theorem [2] that the fibration
F ↪→ B aut∗F →B autF,
classifies the fibre-homotopy equivalence classes of fibrations with fibre F . Here autF
is the space of self-homotopy equivalences of F (with the compact-open topology),
aut∗ F is the subspace of base-point preserving self-homotopy equivalences and B(−) is a
classifying functor for topological monoids (as in, e.g., Stasheff [8]).
The concept of an F -fibration was introduced by May [4] as a very general setting for
the study and the classification of different types of fibrations. We are going to describe a
generalization of Gottlieb’s theorem to F -fibrations.
May’s idea was to describe a class of fibrations and their morphisms by means of a
categoryF in which the fibres of the fibration are required to live. The details can be found
in [5,6] but for the convenience of the reader we will briefly recall some main facts about
F -fibrations and their classification.
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The theory is developed within the context of the category of compactly generated
spaces and continuous functions. All constructions are performed in this category, so
in particular all limits are k-ified, when necessary (see [9]). A category of fibres F is
a category whose objects are compactly generated spaces (often with some additional
structure), such that all morphisms of F are homotopy equivalences, and such that there is
a distinguished object F in F , satisfying F(F,X) = ∅ for all X in F . The sets of maps
F(F,X) are always considered as topological spaces with respect to the (k-ification of
the) compact-open topology. For a full development of the theory slightly more general
definitions are needed—see Sections 2 and 3 of [5].
An F -fibre space is a triple (E,p :E → B,B) where the fibres of p are objects
of F . Note that p is just a continuous map and not necessarily a fibration—in James’
terminology [3], it is a fibrewise topological space, with a restriction on fibres. A fibre map
between two F -fibre spaces is an F -fibre map if the restrictions to fibres are morphisms
in F . An F -fibre homotopy between two F -fibre maps is a fibre homotopy through
F -maps. The natural equivalence relation between two F -fibre spaces is the F -fibre
homotopy equivalence, that is an F -fibre map with an inverse up to an F -fibre homotopy
equivalence.
An F -fibre space (E,p,B) is an F -fibration if there is a covering {U} of the base
space B , such that it has a subordinated partition of unity and such that the restriction
(EU,pU ,U) to each element of the covering is F -fibre homotopy equivalent to the
trivial F -fibre space (U × F,pr1,U). Such coverings are usually called numerable, and
the corresponding fibre spaces are called numerable fibrations. The term ‘fibration’ is
appropriate since by the Dold–Hurewicz uniformization theorem such fibre spaces possess
the weak lifting homotopy property (cf. [1]).
The classification of F -fibrations up to F -fibre homotopy equivalence was described
in [5,6]. Like in the cases of fibre bundles or ordinary fibrations, it can be obtained in two
steps: the first is the reduction to the classification of principal fibrations, while the second
is the construction of classifying spaces for principal fibrations.
A category of fibres H with a distinguished fibre H is a principal category of fibres if
H is a topological monoid, each object of H is provided with a right H -action and all
morphisms of H are H -equivariant. An H-fibre space, which satisfies the local triviality
condition with respect to a numerable covering is called a principalH-fibration.
For every category of fibres F there is an associated principal category of fibres
PrinF whose objects are the spaces F(F,X) and morphisms are maps induced by post-
composition with maps in F . The distinguished fibre is the topological monoid H :=
F(F,F ) and the right action of H on F(F,X) is given by pre-composition with self-maps
of F . The construction of the principal category of fibres can be extended to F -fibrations
in a functorial way, so that for every F -fibration (E,p,B) there is an associated principal
PrinF -fibration (PrinE,Prinp,B). As a set, PrinE is the disjoint union
PrinE =
∐
x∈B
F(F,Ex).
Elements of PrinE can be seen as maps from F to E (via the inclusion of Ex in E), so we
topologize PrinE as a subspace of EF .
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We can also go back from the category PrinF to F by means of the so called
amalgamated product construction, which assigns to a right H -space Y the space Y ×H F .
Some technical difficulties arise due to the fact that H is only a monoid and not a group,
and that the amalgamated product is not always an object of F . The first problem is
overcome by a careful definition of the amalgamation, and the second by the introduction
of the following concept. Let F be a category of fibres with distinguished fibre F andH a
principal category of fibres with distinguished fibre H . We say that (F ,H) is a complete
pair of categories of fibres if there are functors Prin :F→H and −×H F :H→F , which
extend the above mentioned operations, and such that F(F,F )=H and H ×H F = F (for
a precise formulation, see [6]). The main result of [6] is that when (F ,H) is a complete pair
of categories, then there is an isomorphism between F -fibre homotopy equivalence classes
of F -fibrations and H-fibre homotopy equivalence classes of principalH-fibrations.
The second part in the classification is achieved in [5] with the construction of a principal
H-fibration (EH,pH ,BH) where BH is the classifying space, EH is a contractible space,
the H-fibre homotopy classes of H-fibrations with base B are in bijection with the set
of homotopy classes [B,BH] and the correspondence is given by the pullback of the
classifying fibration along some representative of the homotopy class.
2. Generalized Gottlieb’s theorem
One of the main consequences of the theory described in the Introduction is that when
(F ,H) is a complete pair then (EH ×H F,pH × H,BH) is the classifying fibration for
F -fibrations. We are going to show that under suitable assumptions its total space is the
classifying space of the topological monoid H∗ of base-point preserving self-morphisms
of F .
To every category of fibres F we associate a pointed category of fibres F∗ as follows:
choose a point ∗ ∈ F and let the objects of F∗ be the pairs (X,x), where X ∈ F and
x = f (∗) for some f ∈ F(F,X), and let the morphisms be F∗((X,x), (X′, x ′)) = {f ∈
F(X,X′) | f (x) = x ′}. Denote by H∗ the associated principal category of F∗, and by
H∗ =F∗(F,F ) its distinguished fibre.
Before we formulate the main result let us consider the following example, which
explains the relation between our theory and Gottlieb’s theorem. Let F be a locally
compact space and let F be the category whose objects are all spaces of the homotopy
type of F and morphisms are all homotopy equivalences. Then F -fibrations are the usual
(numerable) fibrations with fibre F as studied by Stasheff [8] and others. They are classified
by the space B autF , and in this case autF = F(F,F ). The corresponding pointed
category F∗ consists of based spaces of the homotopy type of F and based homotopy
equivalences. Gottlieb’s theorem asserts that the total space of the classifying fibration
is weakly homotopy equivalent to B aut∗F , where aut∗ F corresponds to F∗(F,F ). One
is therefore led to conjecture that the same result holds in general, i.e. that BH ×H F 
BH∗ for any category F . Unfortunately, this is not the case when there are not enough
morphisms in F(F,F ). Consider the extreme case F∗ = F (e.g., when the morphisms
246 P. Pavešic´ / Topology and its Applications 113 (2001) 243–247
of F are already base-point preserving): then H =H∗ and clearly F cannot in general be
the fibre of a fibration from BH∗ to BH.
In the following theorem we give a sufficient condition that allows the extension of
Gottlieb’s theorem to F -fibrations.
Theorem 1. Let (F ,H) be a complete pair of categories of fibres, with distinguished
objects F and H =F(F,F ), respectively. Assume that for each X in F the evaluation on
the base-point ev :F(F,X)→X is a fibration, and denote the fibre of ev :F(F,F )→ F
by H∗. Then F ↪→ BH∗ → BH is a classifying fibration for F -fibrations.
Proof. By Theorem 7.3.4 of [7] it is sufficient to construct a principal H∗-fibration with
base EH ×H F and contractible total space. To simplify the notation write E := EH ×H F
and p := pH ×H F :E→ BH.
Let (D,q,E) be the pullback of (E,p,BH) along p, as in the diagram
D
q
E
p
E p BH
and let D be the disjoint union
D :=
∐
x∈E
F∗
(
(F,∗), (Ep(x), x)
)
,
topologized as a subspace of DF . There is an obvious projection q¯ :D→E, and (D, q¯,E)
is clearly an H∗-fibre space. We claim that (D, q¯,E) is an H∗-fibration, and that D is
contractible.
We first prove that (D, q¯,E) is locally homotopy trivial over some numerable covering
of E. The construction of the classifying F -fibration in [5] provides BH with a numerable
covering {U}, whose elements are contractible, and with respect to which (E,p,BH) is
locally F -homotopy trivial. The family {p−1(U)} is a numerable covering for E. We will
show that the restriction of q¯ over anyEU := p−1(U) isH∗-homotopy trivial. First observe
that (DEU , q,EU) is the pullback of the fibration (EU ,p,U), which is F -fibre homotopy
equivalent to the trivial fibration (U ×X,pr1,U) where X is a fibre over some point in B
(cf. Corollary 7.2.14 in [7]). It follows that (DEU , q,EU) is F -homotopy equivalent to a
pullback of the trivial fibration (X×X,pr1,X) along a contraction map from U to a point.
As all operations in the construction of D are fibrewise, we can identify (DEU , q¯,EU)
with (DEU , q¯,EU). If we explicitly express this above homotopy equivalence it turns out
that (DEU , q¯,EU) as aH∗-fibre space isH∗-fibre homotopy equivalent to a pullback of the
fibre space (X×X,pr1,X), where X×X is the disjoint union
∐
x∈XF∗((F,∗), (X,x)),
topologized as a subspace of (X×X)F .
The space X×X is homeomorphic to F(F,X) through the map
ϕ :X×X→F(F,X)
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induced by the inclusions of F∗((F,∗), (X,x)) in F(F,X). Even more, ϕ is a fibre-
preserving homeomorphism between the F∗-fibre spaces (X×X,pr1,X) and (F(F,X),
ev,X). By the assumption, the last fibre space is a fibration, which eventually implies that
(D, q¯,E) is an H∗-fibration.
Finally, we observe that by the same argument as above
D =
∐
x∈E
F∗
(
(F,∗), (Ep(x), x)
)=
∐
b∈B
∐
x∈Eb
F∗
(
(F,∗), (Eb, x)
)
is homeomorphic to
PrinE =
∐
b∈B
F(F,Eb).
On the other side, by the completeness of the pair (F ,H) the space PrinE is homotopy
equivalent to EH, which implies that D is also contractible. ✷
We will illustrate the theorem with a simple example. The fibre bundles with fibre Sn and
structure group SO(n+ 1) can be seen as F -fibrations, where F is the following category
of fibres: the only object is the space Sn, while the morphisms are all special orthogonal
transformations of Sn. Then H = SO(n + 1) and H∗ = SO(n), so by the above theorem
BSO(n)  ESO(n + 1) ×SO(n+1) Sn and the fibration Sn ↪→ BSO(n) → BSO(n + 1)
classifies SO(n+ 1)-bundles with fibre Sn.
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